Abstract. We show that equidistribution of irrational orbits on unit circle implies Furstenberg's conjecture.
Introduction
In a seminal paper [Furs67] , H. Furstenberg shows that when log p log q is irrational, every irrational orbit under ×p, ×q is dense in unit circle T. He also conjectures that the only nonatomic ergodic ×p, ×q-invariant measure is Lebesgue measure. In this paper, we show that if every irrational orbit under ×p, ×q is equidistributed, then Furstenberg's conjecture is true.
More precisely, we have the following: The main ingredient of the proof is the fact that for every non-atomic erdoic ×p, ×q-invariant measure ν, there exists an irrational point x such that the sequence of measures { 1
converges to ν under weak- * topology. Here µ a stands for the measure on T concentrated at {a} for a ∈ T.
Since proving equidistribution of irrational orbits is equivalent to proving the exponential sum
, one may expect techniques in analytic number theory would be useful to attack some problems in measure rigidity.
Notation
Within this article, we denote the unit circle {z ∈ C| |z| = 1} by T (if necessary T will be also presented as R/Z). Denote the set of nonnegative integers by N, the set of positive integers by Z + and the function exp 2πix for x ∈ R by e(x) and the function e(kx) by z k for every k ∈ Z. The notation C(T) stands for the set of continuous functions on T.
We call a number a ∈ T rational if a = e(x) for some rational x ∈ [0, 1), otherwise call a irrational. The greatest common divisor of m, n ∈ Z + is denoted by gcd(m, n).
be a sequence of real numbers contained in the unit interval [0, 1) and for any positive integer N and a subset E ⊆ [0, 1), denote 
Equidistributed sequences in
for any 0 ≤ a < b ≤ 1, or equivalently one can say the sequence
For equidistributed sequences and equidistributed double sequences, one has corresponding Weyl's criterion [KN74, Theorem 2.1 and Theorem 2.9].
Theorem 3.2 (Weyl's criteria).
A
Equivalently one have the following Theorem 3.3. [KN74, Theorem 1.1 and Theorem 2.8]
for every f ∈ C(T). Here m is Lebesgue measure on T.
A weaker version of equidistribution of double sequences is the following. 
Equidistributed double sequences and ergodic ×p, ×q invariant measures
From now on, we fix two positive integers p, q such that log p log q / ∈ Q (the multiplicative semigroup {p i q j } i,j∈N {a n } n∈N for every a ∈ Z + . In this section, we show that every ergodic ×p, ×q invariant measure µ on T can be written as
for some a ∈ T. Here the limit should be interpreted as the weak- * limit. Such an a is called a generic point with respect to µ.
Equivalently we have Definition 4.1. A point a ∈ T is called generic with respect to an ergodic ×p, ×q invariant measure µ on T if
for all f ∈ C(T). Denote the set of generic points with respect to µ by X µ .
Definition 4.2. [Bowl71] [OW83]
A countable discrete semigroup P is called amenable if there exists a sequence {F n } ∞ n=1 of finite subsets of P such that
for any s ∈ P , and
n F n = {s ∈ P | ts ∈ F n for some t ∈ F n }.
Before proceeding to prove the main result, we need a pointwise ergodic theorem as preliminaries, which is, a special case of Theorem 3 in [Bowl71] . Theorem 4.3 (Generalized Birkhoff pointwise ergodic theorem).
Suppose P is a discrete amenable semigroup and X is a compact Hausdorff space. Assume that there is a continuous, measure-preserving action of P on a Borel probability space (X, B, µ), and µ is an ergodic P -invariant measure. If P has a special Følner sequence
Theorem 4.4. For every ergodic ×p, ×q invariant measure µ on T, we have µ(X µ ) = 1.
Proof. Since µ is ergodic, every P -invariant function in L 1 (T, µ) is constant. Then applying Theorem 4.3 to the semigroup N 2 and the special Følner sequence
for every f ∈ C(T) and almost every x ∈ T with respect to µ. Denote the set of such points for f by X f . Then µ(X f ) = 1. Take a countable dense set {f n } ∞ n=1 of C(T). Then it is easy to see that X µ = ∞ n=1 X fn and hence µ(X µ ) = 1. Corollary 4.5. If µ is finitely supported (atomic), then the support of µ, Supp(µ), is a subset of X µ .
Proof. If µ is atomic, then Supp(µ) consists of finitely many atoms. Every atom is contained in X µ otherwise µ(X µ ) < 1.
Next we show that every rational is a generic point with respect to an atomic ergodic ×p, ×q-invariant measure.
Lemma 4.6. If x, y ∈ [0, 1) are in the same orbit under ×p, ×q (x = p i q i y mod 1 for some i, j ∈ Z, then x ∈ X µ iff y ∈ X µ .
Proof. Let a = e(x) and b = e(y). There exists c ∈ T such that c = a p m q n = b p k q l for some k, l, m, n ∈ N. The proof follows from
(if any of the three limits exists) for all f ∈ C(T).
Proposition 4.7. Every rational a ∈ T is a generic point with respect to an atomic ergodic ×p, ×q-invariant measure.
Proof. Let a = e( m n ) for m, n ∈ Z + with gcd(m, n) = 1. Then there exist s, t ∈ Z + such that • m n and s t are in the same orbit under ×p, ×q.
• gcd(s, t) = 1 and gcd(t, pq) = 1. Note that s t is in the support of the ergodic invariant measure. So Corollary 4.5 and Lemma 4.6 end the proof.
Corollary 4.8. If µ is nonatomic, then X µ is a subset of irrationals.
Via the above Corollary, if one can show that every irrational is a generic point with respect to Lebesgue measure, then Furstenberg conjecture is true.
Also notice that a point a = e(x) ∈ T is generic with respect to Lebesgue measure if the double sequence {p i q j x} i,j∈N is equidistributed in the squares mod 1.
More precisely we have the following. 
